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Using a generalized version of Fermi’s golden rule, collisional broadening is self-consistently

implemented into ensemble Monte Carlo carrier transport simulations, and its effect on the transport

and optical properties of terahertz quantum cascade lasers is investigated. The inclusion of broadening

yields improved agreement with the experiment, without a significant increase of the numerical load.

Specifically, this effect is crucial for a correct modeling at low biases. In the lasing regime, broadening

can lead to significantly reduced optical gain and output power, affecting the obtained current-voltage

characteristics. VC 2013 American Institute of Physics. [http://dx.doi.org/10.1063/1.4773516]

Quantum cascade lasers (QCLs) are among the few

coherent sources that can generate terahertz radiation with

milliwatt output powers.1 From a practical point of view, ter-

ahertz QCLs are very compact and robust; however, the

most challenging goal remains the increase of the maximum

operating temperature.2,3 Detailed modeling by a wide range

of simulation tools based on semiclassical and fully quantum

mechanical methods has led to an improved understanding

of the physical processes in terahertz QCLs. Common

approaches include the non-equilibrium Green’s functions

(NEGF),4–6 density matrix,7,8 and semiclassical ensemble

Monte Carlo (EMC) methods,9–13 as well as rate equation-

based models.14,15 While each of these approaches has

advantages and drawbacks, all of them use approximations

and must be applied carefully. One of the first approaches

applied for the modeling of terahertz heterostructures has

been the EMC method, which is based on the semiclassical

Boltzmann equation and Fermi’s golden rule.9 EMC meth-

ods offer a relatively low numerical complexity as compared

to quantum transport approaches and a straightforward

extraction of physical quantities, and can model the time de-

pendence of physical processes;16 however, they do not

account for the influence of quantum effects on the carrier

transport. A complete inclusion of these effects requires a

full quantum approach such as NEGF or density matrices,

hence losing the relative efficiency and simplicity of semi-

classical descriptions. Here, we follow a different approach,

implementing certain aspects of the quantum transport

theory into EMC, however, preserving the overall structure

of the algorithm and its associated advantages. We focus on

the discrete level eigenenergies in the absence of broadening

mechanisms entering Fermi’s golden rule formulation of

EMC, and leading, for example, to an underestimation of the

simulated currents in the low-bias range (LBR) of QCLs.17

For bulk semiconductor structures, it has been shown that

the linewidth of the energetic states due to collisional broad-

ening (CB) can be taken into account in EMC by replacing

the delta function in Fermi’s golden rule with a Lorentzian

function of finite linewidth.18,19 In this letter, we develop the

Lorentzian broadening for quantum well structures such as

QCLs, and include it in our semiclassical EMC method. Fur-

thermore, we investigate the influence of this correction on

the simulation results for transport and optical properties of

terahertz QCLs.

The scattering processes in semiclassical EMC methods

fulfill energy conservation for a single scattering event due to

the discrete eigenenergies.18,19 Here, we relax this constraint

and require only the expectation value of the scattering transi-

tions to be energy conserving.19 We start from the evolution

equation for the density matrix elements qij of the form20

@tqij ¼ �i xijqij þ
1

i�h

X

‘

ðH0i‘q‘j � qi‘H
0
‘jÞ þ @tqijjrelax; (1)

where the third term is the relaxation term, introducing deco-

herence effects for the temporal evolution of the off-

diagonal matrix elements. The Hamiltonian H0 describes a

perturbation in the form of a scattering mechanism, where

we, for now, restrict ourselves to time independent proc-

esses, such as impurity or interface roughness scattering.21

Furthermore, xij ¼ ð�i � �jÞ=�h, where �i ¼ Ek þ �h2k2=2m� is

the total energy of the electron in state jii ¼ jkki, with sub-

band index k and electron wavevector k. We extend our

semiclassical EMC framework based on a generalization of

Fermi’s golden rule, obtained from Eq. (1). This approach is

applied to the evaluation of intersubband processes (i.e.,

k1 6¼ k2) in our EMC code.

The relaxation term can be written in the general form

@tqijjrelax ¼
P

mn Cijmnqmn, where C is the scattering superop-

erator.21 This term has to be brought into a form compatible

with EMC, which delivers semiclassical scattering rates rij

from state jii to jji.21 To this end, we have to neglect nondiag-

onal scattering contributions,5 and only consider transitions

between different subbands for the dephasing,13 since the

intersubband coherence in two-dimensional electron systems

is ideally not affected by the intrasubband interactions.22 In

fact, the inclusion of intrasubband scattering events would

lead to a serious overestimation of the dephasing in the chosen

approach.4 As a result, the term becomes @tqijjrelax ¼ �cijqij

for the off-diagonal matrix elements, where cij ¼ ðci þ cjÞ=2

is the semiclassical dephasing rate;13,20 here, ci is the total out-

scattering rate from state jii to all states in other subbands.13a)Electronic mail: alparmat@mytum.de. URL: http://www.nano.ei.tum.de.
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This corresponds to a lifetime broadening approach, which

neglects effects such as pure dephasing contributions.20 We

now solve Eq. (1) for qij with i 6¼ j. In our calculation, we

assume that the diagonal matrix elements are dominant, thus

neglecting the contribution of the off-diagonal matrix ele-

ments besides qij, which is always justified for strong dephas-

ing. Furthermore, we restrict ourselves to the stationary

operating regime, where the diagonal matrix elements qii are

constant due to a balance of in- and out-scattering events. The

steady state solution for qij is then obtained by setting

@tqij ¼ 0. With ~xij ¼ ð�i � �j þ H0ii � H0jjÞ=�h, we obtain

qij ¼
1

�h
H0ij

qjj � qii

icij � ~xij
: (2)

For i¼ j, Eq. (1) directly yields the transition rates.

For the term containing the sum in Eq. (1), we only consider

‘ ¼ i; j to obtain the transition rate from state jii to a final

state jji. Furthermore, inserting Eq. (2) for the off-diagonal

matrix elements, we obtain

@tqjj

��
i!j
¼ �@tqii

��
i!j
¼ 2

�h2

��H0ij
��2 ðqii � qjjÞ

cij

c2
ij þ ~x2

ij

: (3)

Transitions from state jji to jii are treated separately, i.e.,

back-scattering events from jji are not included. The single-

electron transition rate is obtained by normalization to the

electron number in the initial level qii. Thus, we obtain for

the scattering mechanism associated with the Hamiltonian

H0 the rate

r0i!j ¼
2

�h2

��H0ij
��2 cij

c2
ij þ ~x2

ij

: (4)

We set ~xij � xij in the following, neglecting the frequency

shift due to the diagonal Hamiltonian matrix elements.

For cij ! 0, the Lorentzian in Eq. (4) approaches a delta

function pdðxijÞ, thus Fermi’s golden rule is recovered. For

Hamiltonians with harmonic time dependence ~H
0
ijðtÞ ¼ <

fH0ijexpð�ixtÞg, describing effects such as scattering with

phonons or photons, an expression analogous to Eq. (4) can

be derived using the rotating wave approximation.23 The cor-

responding rate is

r0i!j ¼
2

�h2

��H0ij
��2 cij

c2
ij þ ðxij6xÞ2

; (5)

where the þ and � denote absorption and emission events,

respectively.

In the following, we discuss the implementation of the

CB corrections in EMC. Intersubband scattering is now

treated based on Eqs. (4) and (5). This means that the energy

conserving delta function in Fermi’s golden rule is replaced

by a Lorentzian, involving some additional computational

effort. However, the overall numerical load is not signifi-

cantly increased as compared to conventional EMC, since

the computation of the scattering form factors and the time-

dependent simulation algorithm remains unchanged. The

final wavevector k0 is now not given by energy conservation

like in the conventional EMC, but randomly chosen accord-

ing to Eqs. (4) and (5), respectively. This means that energy

conservation is obtained only for the expectation value of

the transition energy.19 For the numerical evaluation, we cut

off the Lorentzian at 10�3 of its peak value. Intrasubband

transitions are still treated conventionally in our EMC code.

Also, intercarrier scattering is evaluated based on Fermi’s

golden rule due to its significantly increased complexity

and computational load as compared to single-electron

processes. Additionally, this mechanism is considered to

only play a minor role for the intersubband transitions of

resonant phonon terahertz QCLs.6,24 The dephasing rates

cij ¼ ðci þ cjÞ=2 are self-consistently determined from the

outscattering rates

ci ¼ ckk ¼
X0

k0 6¼k;k0
r0kk!k0k0 ; (6)

where the prime above the summation sign indicates a sum-

mation over the various scattering mechanisms. In our simu-

lation, the transition rates r0i!j ¼ r0kk!k0k0 are obtained based

on Eqs. (4) and (5), thus themselves depending on cij. For

this reason, several iterations of the EMC simulation have to

be performed, until the obtained scattering and dephasing

rates do not show significant changes any more. However,

this does not necessarily constitute an additional numerical

burden since iterative simulations are also required for the

self-consistent calculation of the cavity light field,25 and to

properly take into account space charge effects.24 Since the

initially unknown dephasing rates cij are calculated by count-

ing the outscattering events over a whole iteration of EMC to

obtain reliable statistics,13 the first run has to be performed

using conventional EMC. Subsequent iterations then employ

the EMC method with CB corrections included (CB-EMC).

Convergence is typically obtained after one EMC and two or

three CB-EMC runs. Our treatment of CB is also compatible

with other simulation approaches, such as hybrid density ma-

trix-EMC.20

We test the influence of the implemented CB correction

for two recently fabricated high temperature operation tera-

hertz QCLs. In Fig. 1, the simulated current-voltage character-

istics of (a) a record temperature 3.22 THz design2 operating

up to �200 K and (b) a high temperature 1.8 THz design3

operating up to 163 K is compared to the experiment. Results

in Fig. 1 have been calculated at 10 K, and compared to the

sampled experimental data of Refs. 2 and 3. The bias range of

7.6–10.8 kV/cm in Fig. 1(a) and of 5.5–10 kV/cm in Fig. 1(b)

has been avoided in our calculations due to narrow anticross-

ings, which are known to produce unreliable results in EMC

simulations.20 First, we consider the LBR. Here, the classical

implementation of EMC based on Fermi’s golden rule clearly

underestimates the current (squares), while the CB-EMC sim-

ulation shows good agreement with the experiment (circles).

The reason is that for both structures, the electrons are at low

biases injected into the lower laser level and have to make a

transition to the upper laser level for being extracted to the

phonon well. CB-EMC provides a �10 times higher net scat-

tering rate from lower to upper laser level than EMC for the

3.22 THz structure at 7.6 kV/cm, and a factor of �9 increase

is found for the 1.8 THz structure at 5.5 kV/cm. This results in

011101-2 Matyas, Lugli, and Jirauschek Appl. Phys. Lett. 102, 011101 (2013)



higher CB-EMC currents, suitably describing the experimen-

tal data.

The CB-EMC currents in the LBR are useful for esti-

mating the voltage drop across the contacts in comparison to

the experimental current-voltage curves, since, here, the

waveguide loss is not required as an experimental input pa-

rameter. The best fit between the theory and experiment is

obtained for a bias drop of 3.8 kV/cm (3.22 THz design) and

6 kV/cm (1.8 THz structure). The 3.8 kV/cm bias drop agrees

well with the published results2 if we consider a 10 lm active

region, a 0.8 V drop across the top contact, and an additional

�3 V drop resulting from contact removal.2 The 6 kV/cm

bias drop also qualitatively agrees with the 3–4 V reported in

Ref. 3.

In the lasing regime, the simulation results including the

influence of photon-scattering on the carrier transport25–27

have been obtained assuming a total (waveguide and mirror)

loss of 40 cm�1, which is an upper estimate for the resonator

loss in such structures.2,28 Also, the current densities

obtained without including the lasing field are displayed, cor-

responding to the parasitic current contributions due to non-

radiative channels. While both the CB-EMC (circles) and

EMC (squares) results with lasing included show reasonable

agreement with the experiment, the currents obtained with

conventional EMC somewhat exceed the CB-EMC results.

Given that assuming a lower resonator loss29 would result in

stronger lasing activity and thus further increased currents in

our simulation, the CB-EMC results tend to show a better

agreement with the experiment than conventional EMC sim-

ulations. Interestingly, the parasitic current density obtained

without including the lasing field is higher by up to �33%

for CB-EMC (crosses) than for conventional EMC (dots).

This indicates that the photon-induced current contribution is

considerably reduced for CB-EMC as compared to conven-

tional EMC, implying that the inclusion of CB leads to

reduced gain and optical power.

Fig. 2 shows the unsaturated spectral gain profile for the

3.22 THz QCL,2 as obtained by CB-EMC (solid line) and

EMC (dashed line). In the inset, the temperature dependent

peak gain is shown. A significant peak gain reduction by

about 20% from 105:4 cm�1 to 81:5 cm�1 at 10 K and from

36:9 cm�1 to 30:1 cm�1 at 200 K is observed when CB is

included. This is largely due to a reduced population inver-

sion, caused by less electrons in the upper laser level as well

as more electrons in the lower laser level. Furthermore, we

observe moderate broadening of the spectral gain profile

from 1.27 THz (EMC) to 1.36 THz (CB-EMC) at 10 K and

from 1.62 THz (EMC) to 1.64 THz (CB-EMC) at 200 K. The

influence of CB on the spectral gain profile has also been

investigated for other QCL structures. For a so-called pho-

non-scattering assisted injection and extraction design30 at

low temperatures (10 K), CB reduces the peak gain by only

�7% at the peak current, while for the 1.8 THz structure3 at

13 kV/cm the gain changes by 37% from 88:8 cm�1 (EMC)

to 55:6 cm�1(CB-EMC).

In Fig. 3, the influence of CB on the calculated output

power is shown. For the 3.22 THz structure,2 a reduction in

the peak output power from 336 mW (EMC) to 245 mW

FIG. 1. Self-consistently calculated current density-bias characteristics and

experimental results (corrected for bias drop) for a QCL from (a) Ref. 2 and

(b) Ref. 3.

FIG. 2. Unsaturated spectral gain profile as obtained by conventional EMC

and CB-EMC at a bias of 12.4 kV/cm, where the simulated current reaches

its maximum. The inset shows the temperature dependent peak gain.

FIG. 3. Simulated power-current density characteristics at a lattice tempera-

ture of 10 K for (a) the 3.22 THz and (b) the 1.8 THz QCL. For (b), the

CB-EMC output power at high current densities can decrease, similar to

what was measured in Ref. 3.
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(CB-EMC) is found (see Fig. 3(a)). A direct comparison to

the experimental optical powers is not possible due to the

unknown collection efficiency of the measurement setup.

However, the maximum achievable current of 1:6 kA=cm2

for CB-EMC is in line with the experiment.2 In contrast, the

conventional EMC simulation overestimates the maximum

current density due to the higher predicted output power

which results in an increased photon-induced current. This

suggests that the CB-EMC output powers are more realistic.

For the 1.8 THz structure3 (Fig. 3(b)), a decrease in peak out-

put power from 158.3 mW (EMC) to 80.9 mW (CB-EMC) is

found, which is almost a factor of two. Again the range of

obtained current densities agrees better with the experiment

for the case of CB-EMC. Furthermore, the CB-EMC power-

current curve at around 1 kA=cm2 resembles the negative

differential resistance feature observed in the experiment,3

while this feature is missing in the EMC result.

In conclusion, collisional broadening has been self-

consistently included into ensemble Monte Carlo carrier

transport simulations, and its effect has been studied for

several terahertz QCL designs. We find that the collisional

broadening is crucial for the correct modeling of the current

in the low-bias range. In the lasing regime, this effect leads

to increased parasitic current as well as reduced optical gain

and output power, resulting in a decreased photon-induced

current contribution. Hence, better agreement with the exper-

imental results in both the low-bias and the lasing regime is

obtained.
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